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Abstract of a compound statement such as "((if b then a) or
First, a review of the progress is presented for the (if d then not(c))) but not e)", traditional methods

are inadequate in dealing with this. For example, ifdeveopment of econditional event algebras. Folowini the well-known material implication is used to inter-this, a new canonical bijection of isomorphism is
pret the conditionals so that ordinary boolcan alge-derivoed. his is an extension of the uual indicator bra and properties of probability can be used for

function mapping to that beween all possible truth-
functional three-valued logics and all possible the full evaluation, before proceeding one should

choices of conditional event operators extending note that the probabilities do yot match the corres-

unconditional boolean ones. Relations between the pdnding conditional probability forms
conditional event algebra proposed by Goodman & p(b->a)t p(alb) = p(ab)/p(b) , for p(b)>O, (I
Nguyen and k as well as that proposed by Schay, and similarly for "if d then not(c)". In fact, it
A6ns, and C labrese and Sob are derived, among can be seen ((13,P.2O1) that
o-het isomorphic correspondeAoes. (2)

p(b->a)= l-p(b)+p(ab)=p(a Jb)+ p(a' Jb~p(b')2:p(aIb),
Note on General Notation, Conventions with strict inequality holding in general. Going

In addition to the usual use of equali+-y =, set in- further, Calabre~e([l]jh.2Zl showed no binary bool-
clusion a , set membership c, class of all subsets ean function g:R -, R exists (of the 16 possible
of ordpower class P( ), null set 0, etc., we intro- ones) for which (3)
duce= to mean "is defined to be", emphasizing the p(g(a,b))=p(alb), p(b),O; all a,bcR; all p:R 14.
difference between provable,as in =,and the former.
Throughout, R (as opposed to R for the real line) Earlier,Lewisr21 had shown that g not satisfying
stands for an arbitary but fixed nontrivial boolean (3) could be extended essentially to any binary
algebra of events (or sets] a,aI,..,a ,b,b: ... b , function (not just boolean). (Sce also Goodman &
c,d,.. . When R is considered (via thg Stohe Reppe- Nguyen([3],ch.l)for a related result restricted
sentation Theorem or directly) to be such that Rc to finite R, using a cardinality argument involving
P(Q). for some set S1 t 0, the following can be in- range(p).)
terpreted alternatively via the bracketed quanti- For a thorough history of both the negative results
ties, where it is understrI,)4 that 0,11 c R: conjunc- surrounding (?) and (3), as well as prv',"s scatter
tion (intersection n] is denoted by ., or omitted ed attempts at constructing a satisfactor
altogether for simplicity when context is clear;dis- 'nr "conditional" events, see Goodman (4 ] o Goo~
junction [union ul is v; negation is ( )' [compie- & Nguyen [ 3 3. Briefly, one should mention the orig-
ment C or set difference ( )-i( )];+ represents ex- inal contribution of Boole ([ 5 3,ch.6+ ), Hailperin's
cls;ivc disjunction (synmetric set difference A) ; rigorizing of Boole's attempts [6), DeFinetti's
the special elements 0 (0], 1 [(0l c R denote the work [73, Schay's efforts (8, Adams' work( 9],
zero, unity elements, respectively. [s] is t e chp. II ), and more recently, Calabrese C] and
natural partial order (a lattice order) over R Bruno & Gilio (10), among others. In all of the
represented by the relation a.b iff a=a-b iff b=bva; above, only DeFinetti and Schay considered con-
materjal/logical implication is denoted -i , where ditional events through extensions of the usual in-
b4a - b'va = b'va-b= b' + a-b material/logical dicator function, with only Schay developing a full
equivalence is 0, where a <->b - (b-a)-(a-;b)=ab v conditional event algebra. Adams proposed extonsions
a'b' = (a+b)'. Finally, typically, probability of the usual boolean operators to conditional forms,
measures (assumed finitely additive or if needed, but did not give any real interpretation to what
countabl y additive) are given in the form p:R . a , conditional events meant, nor did he investigate to
where a &!O,1] = the real unit interval. the depth that Calabrese carried out in the latter's

fully developed conditional event algebra.
Z ntroduction Conditional Events Identified

Conditional events have been developed in order to as Principal Ideal Cosets
provide a systematic way to determine evaluations
of arbitrary logical combinations of conditional or In response to the previous unconnected efforts,
implicative statements with differing antecedents, Goodman (11] and Goodman & Nguyen [12],[13],J3  de-
so that each is consistent with conditional probabil- veloped a fresh approach to conditionai event alge-
ity. Thus, when one seeks to obtain the probability bra. Recall the basic concept of the principal ideal
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in R generated by any b'cR as Rb'q{xb' :xER)SR, lead- The following theorem can help motivate the choice

Ming to the boolean quotient algebra R/Rb'=(Rb'4a-.a of operators over (RJR) extending the boolean ones
R1with the usual wq11-defined coset operations over R, assuming R is atomic anid noting Osusl:

for the cosets Rb'+agfxb'+a:ccR) £141. Den ote the Theorem 2. Goodman & Nguyen [ 3), chp. 5.
class of all :'ich crir.cipal ideal cosets of R as ig Let RsP(sl). For any (at b),(cld) c (RIR)-d(OIO)):
U{R/Rb' :bcR) and the natural mapping nat:R2?'R , (i) When (alb) is not Zero-type, (cid) rnot *.rdty-t~pe;
nat(a,b)4Rb'+a =(y:ycR&yb=ab)=(x:xcR & ab< x 4 b4a) (1) i(alb) :5 i(c~d) pointwise over S1
If g:R 2-_S is to be a reasonable candidate for a con- 11I ab ,' cl & c d < a'b i *e. ab<-cd &~ h)a < c
ditional event of the form q(a,b), for any a,b c R, UP)I p(alb) 15P(cd)ali prob6. p;r-;p(b),p(d)>O,
then Lewis' result shows that at least S R , when are all equivalent statements.
range(g)=S. In addition,one should assume that: C ~ so eotp f ,ab~ vrP f
MI Antecedent-consequent invariance, i ab so eotp f (l~aoe f

g(a,b)=g(ab,b), all a,b c R (4) p ab)=O, all prob. p:R-au , o(b) >0.
(ii) Unique global representation (iii) (cid) is of unity type iff au5,(cjd) over .Q
g(a,b)=9(c.d) im'plies ab~cd & b=d, all a~b,c,d c R p(cld)1I, all prob. p:R-a , p(d)>O.

(5 1
00i allows for the definition Remarks.

p(g(a,b))=p(aib) (6) (iTTTThe indeterminate element is the only (alb) for
to be well-defined. Call any such g possessing prop- which 4 (alb)=u identically over S1.
erties Mi and (ii) a feasible candidate for form- (ii)It is desirable to obtain a conditional event
ing conditional events. Then the following holds: algebra of operations yielding a partial order over

(RIR )2 etnigthe unconditional counterpart 4
Theorem 1. Goodman & Nguyen [3),chp.2. over R 2 compatible with Theorem 2. This is seen to
TT Fnat is a feasible candidate for forming con- be the case' as presented in the next section.
ditional events and for each fixed b, nat(-,b):R- ucinlIaeApraht xedn
P/Rb' is a homomorphism wrt coset operations. Fntoa mg praht xedn
0ii) If g:R 2-S is any feasible candidate for form- Boolean Operators over R to (IlIR)
ing conditional events, then g is globally isomorz As mentioned before, Adams, Schay, and Calabiese
phic to nat. That is, there exists bijection iP:S-R, have independently proposed extensions of boolhan
where 4iog=nat and for each bcR,%Pb:range(g(,b)).- ziperators to (RJR), details of which will be shown
R/Rb' is a bijection, and hence an isomorphism for later. These operators were based upon empirically
the usual induced operations over rangle(g(.,b)) appealing, but ad hoc,considerations. The thinking
through R/Rb', where *b(g(a,b)) 4 nat(a,b). of Goodman & Nguyen has been, on the other hand to

use the natural way one extends "point"-valued
Remarks, functions to set valued ones: g:X"'Y extends by 1he
TFi ~ above theorem justifies naturally the choice well-known functionq mg praht ipyg
of principal ideal cosets of R for its conditional P(X)-P(Y), via g(A)-(g( x):xcA), all AcP(X.Since
events aso that one defines for all a,b c R, (RIOEsP(R), it seems reasonable to attempt to extend
(alb)= Rb'+ab, (RJR) 9 =f(alb):a,b cR) sP(R). (7) the ordinary boolean operators over R by the funct-

(ii) Hailperin £6 ] approached the above identifi- ional image approach restricted to (RIR), with the
cation from the Chevalley-Uzkov algebraic fraction expectation that closure holds not just fur P(R)
viewpoint and obtaiied the same result, while Cala- (trivially), but for (RJR) itself. mis is indeed so:
brese took a logical deduct approach([ I, sect 3) Theorem 3. £123, [133 .
which was later shown also to be equivalent to-(71- o l ~~ da .a nabtay

(iii) Special conditional events: uncon~ditional (alb)'- d lXD:( j b)) =Ca'lb),
evens a=a~l, whn 1eRJ (IR; the indeterminat (a b)(cd -xy:xa(ab):yc(cid)} =(abcdlr2),conditional ei~ent (aIO Oo;he unity-type con- (a b)v(c d)ifxvy:xc(a Ib),yc(c d))1=(ab vcd I q2),

-ditionaZ events (l1b)=(blb)=Rb'vb -Rvb = principal (a b)+(c d)=(x+y:xe(a Ibl,ya(c d)) =(ab +cd Is2),
filter generated by b in R, bfo;the zero-type con- Vh~r

diinleents (O b)=(b' lb)=Rb' = principal ideal r r v c'd v abd2* a v cd va'bc'd ; 24 d . (11)
generated by b' in R, bta. 2 2
(iv) Note the relations for all a,b,c,d c R: More generally,it can be shown
l=(lll);O'(Oll) ; (alb)=(cjd) iff abcd & bd. (8) dI).I).(abr.. 'b v .ab(12)

~Il%11j~lJ n J-1 3 j=l J .
Conditional Events Identified with na~~v.~ lb n1~.q)q vabv-a.
Three-Valued Indicator Functions nn n=j .lJ nn j=l i j=l J i

DeFinetti [7)3 and, independently, Schay f8)3 extended (a lb + .( b)=(! + abIn) 5n -jl
the ordinary indicator functions of sets to three (i)Et n nul pilj orer4ovr t
values to represent conditional events by the mapg oe ( R Exten natural parenti odrn, vrR 2 t
O:R"' (O,r,l)1 ,assuming RSP(sl), where wlog, we ove ( R), whr (cd f b definition, .(13
also assume here the th~ird value is '" (entire unit(ab (cd if(a)=(l)*l).13
interval). From now on denote (O,u,l) by 00. Then, Then, (14)
for all (ajb)c(RIR) and all a3 c S1, (alb)<(c~d) iff (cld)=(alb)v(cld) iff ab: cd&c'd~a'b

0 i cab (11)f j).,,b n1
taif 63 c b' v j;I,(ajlb)=((b~a )_aj I n(~j.a.Bys
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Rwxarks. the compatibility conditions of (i)(11), then also
M 7Y h c-em 3 shows that any finite logical combina- S is isomorphic to (RJR), where here R=* necessar-
tion of logical connectors of conditional statements ily a boolean algebra. Call the mapping h :S- (RJR).
can be evaluated compatible with all probability e- In turn, if the standard Stone Representation map-
valuations, thus addressing the motivating problem ping is denoted as m:R- P(fZ), for any boolean alge-
for developing conditional event algebras. bra R, an injective isomorl~i^n it can be shown
(ii) Applying Theorem 3(ii) to Theorem 2 answers in that the mapping (mlm) :(RJR) - (P(S1)IP(l)) is also
tne affirmative the remark, part (ii) following an injective isomorphism, extending mn, where
Theorem 2 : the extended lattice or partial order 4 (ml -.(aib)d (ab)lm(b)), all (alb)c(RIR) , (25)
ovedr(RJR)2 wielth e cab omt zer tye,fcjd not (alb), with (RJR) assigned the conditional event algebra(cl~c(,'R wth 1al) ot erotye cd) otunity as in (i). Hence, the compositien of manpings

tye (alb)s4 (cfd) over il iff (alb)N(cid) iff for (mln)-h :S-(P(fl)iP(SM) is an injective isomorphism,
all prob. P:R-u, p(b),p(d)>0 , p(alb)s5p(cld). (16) providing a conc-rete representation forany such

(iii) A third type of justification for employing bta cnioalentlgr.a

the conditional event algebra proposed here is pro- Basic Isomorphisin between All 3-Valued
vided by the next theorem, where it is seen:that Truth-Punctianal Logics and All Boolean-
this conditional event algebra has almost all the Extended Conditional Event Algebras
properties of a boolean algebra-, that it can be
categorized completely algebraically as a Stone In the last section a compact detailed structural
algehra with some additiotial properties; and that analysis of the Goodman & Niguyen (abbreviated from
;t can be used to extend fully the Stone Represen- now on as GN] conditional event algebra was given.
tation Theorem for the classical case (as in [14) Much remains to be analyzed for the other leading

Theorem~ 4.J cp4 candidate conditional event algebras, including the
The o~ emr (~~ reatvetcte peaios n independently considered, but commonly structured,
(i asr(1relations intoddb the ntoaiage a- proposal of Schay (alternate choice one of two prof-
rlactiors, ),, epn intoue min the spcioaiaeial fered [ 8 J), Adams' C(9], and Calabrese (l I [ 'abbrev-
elementso ,,(j)',Then, (Rein) i ain Ste specal ia ted from now on as SACIJand another of Schay's
eltmes a0buned(wrt Te ReR is btoel b ra: (alternate choice two- see aqain (8 ))[abbreviatedIt i a oundd (rt lttie orer belw b 0, from now on as simply S). However, Schay (C8 ],Theo-
above by 1) lattice wrt -,v (hence, associative, rem 5) has derived Stone-like representations for,
commutative, idempotent, and absorbing)which is in effect,both SAC and S, corresponding to part of
distributive mutually for -,v, and (-,v,( V') is a Theorem 4(ui) above.
DeMorgan triple. In general, however, (RJR) is not
orthocomplemented'. the leading candidate ( )' fails, For completeness, the basic cpcrators f'~r SAC and S
since for example,(alb)-(aib1'=1Olb)to, unless b1l. are given below with appropriately subscripted let-
The pseudocomplement mappinq ( )*:(RIR)..(RJR) ters for all (ajb),(cjd) M RIR). Once more, it isem-
exists, extending ( Y over R, and satisfying the phasized that GIN, SAC, and S all aqree on the es-
Stone condition (17) sential structure of (RIR)-sans any alqebraic oper-

(alb)* v (alb)** = I., all (alb)c(RIR). ations,other than the classical coset ones for each
(I) Mre o thefixed antecedent principal ideal boolean quotient

(1ualy Moeo h pseudocomplementation of (RJR): algebra of parent boolean algebra R:
Act all , ( IP)is not only pseudocomplemented, but -G4relatively pseudocomplemented, extendinq the well- (ajb)'SAC = (alb)5 S (a'jb) (=(alb) ): (26)

known property that R is reiatively pseudocomplemen- 1  a dlv) ; (7
ted with, for all a b c R (% c1 a vc )(7

b t>a - vf x: xCR & xb 4aj' = b->a c R. (12) (SA)AC Cld4 a SACy (cid) 'SAC) ,SAC

Specificallyi for all (aib),(cld) c(RJR), =((b)a)-(d,*cj bvd)=(abd v bcd vabcdbvd), (28)
(cJd)t-(a~b)- v[(xly):(xIy)c(RJRi) & (xly)*(cjd)<(ajbp a De~oorgan relation;

X aIb Xva ) =d'vc (a Ib) vs (c Id) =(abu v cd 'Ibd); (29)
From this, d 6) (ajIb)-S(c. Id) - ( b)' vS(clId)'S)VS =(abcd Ibd), (30)

(cld)* =Icld)D-0 = c'd cR c (RJR). (20) also a Dexargan relation.

(r1' ois Involutive for (RJR) and with ( )*,' In addition, recently, Dubois & Prado (161,[17] ha e
(a Ib) * I= (a Ib) ** (=b-> a); (0O10)*=o0 . (21) expressed interest in the development of the candi-

Referring to Gritzer e.g. r15], the skeletal date conditional event algebras. In (16), pp)ll2,
anddene sts f rspetivly 1113 and (17), pp.31-34, they have pointed out thataddnestof(RJR) are, rsetvlthe following correspondences hold between thc three

(PIR)*t((alb)-:(alb)c( RIR);(RIPldker()*)(*-CO) taslc candidates and certain three-valued logics
Yielding the relation - since (RIR)*zR, (22?f (although this was previously also indicated in (18)
D(RIR) =(RJR)* v ((o) (=((bjb): b c RI). (23) in preliminary form),using an informal argument:

In a related vein, note the relations for all a,bcRa SAC '-~ Sob3 ; S - 83 ; GN -' t3 (31)

(RIR)=RYR9(oJo) via (alb)=abvb'.(olo). (24) where Sob 3 indicates Sobocinskils three-valued logic
(Ii Coverelyto he boe rsuls, eplcin (RR) (see (191 or Rescher (20), pp. 70,342), 83 is Boch-

a abvesetrath lg bic system rewhichig a(Ston var's internal three-valued logic ((201 pp 29-34
b an abtrat agebaicsysemse hic isa Sone 339) and t3 is I. asiewicz' three-valued logic((20]algebra (involutive wrt its () operator) satisfying pp. 22-28 and 335.
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In this section a general theorem will be fully der- (C 9 i(alb):ico) is a partitioning of 1 and

ived which constructively establishes an isomorphism (Jgi:UcQO) is a partitioning of Qo
n .

between any choice of three-valued truth functional !Iext, define v(g):Q, Q0 as follows: For any jcQon,
logical operator and any extended boolean condition- from the above remarks, there is a unique i.
al event operator (for definition, see below). First, id)(i) c Q with j c J9 , (43)
some additional notation for multiple variables, as %,hence -
w-ll as other concepts must be introduced (R P(a)), j 4(ab)(ca) c J,(g(') ,for each u 1. (44)

Let n be any positive integer and a,b,a.,bj c R arb: F( )n  ix

d 3' 3 ~ ~~ Finally, with (alb)c(RIR~nfiear. foan cl
a(a, a . . . ..,anbn)cRn chose j as in the left hand side of (44), followedaa .. an) ,b=(l .. bn )  n-d d RchoelbI

i ff

.(a)= an by defiiing i as in (43),(44,. Thpn, by Lena 1(ii)
.= ;aj~a'an c R; (aJ)4((ai~bl),..,(an~bn)) c applied to (44), wc-(wj(alb)). lh turn, applying

(RIR)n; and extend the three-valued indicator func- this to (40),(41), takiTrq into account (44) again,

tion for anydoc il as shows that for the above (alb),(oJ,i,tion f .ny no :&l

S(aj)(c.) - ( (a I b),... (anIbn)) % o (32) (4g(5)))(m) =

Define the mappings wi :(RIR) - R , icO , by On the other hand, (43) and (44) state irnediately

w1 (alb)gab; wo(alb)a'b ;wu(a b)-b . (33) that (46)

and extending this, .er .ny =(jl'....in) c Q, Thus, (45) and (46) together show (39) holding.
wi(aI b)4(wj, (a I Ib, ) .. Wjn(an Ibn)) C R' (34)

A , i n (35) Theorem 6. Let h:Q0nO 0 be any function. Then,
Also, booln(R)_(g: g:Rn.R is a boolean function) there exists.a unique function p'I(h):(RkR)n-(RIR)

and for any pair g qi c bool 2n(R), define the in (bOoln(R)IbOOln(R)) such that for all (a b) c

extended booZean fincion over (R!R) n , (gJI):(RIr4n (RIR)n and all o c 9-
- (RIR), where for any (alb) =(a-blb)c(RI ,)" , h(1 (h)(ah))() -h (ab)(o)). (47)

(g 1 Ig2 )(a) (g 1 (a'b2b) I 2(a-b~b)). (36) Consctz'ctive Proof: First, for each i c Q. and any
Lemmta 1.(abc RRndfu
itnin o (aJb) c(RR) n, dfine, analogous to (41), replacing

(17 For any (alb)e(RIR), (w.(alb).icQ) is a par- S_("ther by - ..)a )) i . (4
titioning of S1, and rore gen~rally, so-is " ./I d (-w~l)), O. (7
{'(w.(alb)j _Qn) w(alb) a partitioning of S. h,ia,-" j= e -(i)-- o

Note that since (h-l(i):i c Qo) is a partitioning of
(ii) (ab)-1(i wi(aIb), all i c Qo Qon and w(al1) is a partitioning of S1, then

and more qenerally, for all j E Qian, i Qo ) is a partitioning of 1. In turn,

admoreenerayfrel.Ib ()= iff walb4 define for any (alb)c (RIR)n

_ea 2 For each ther isf a m inio(ala))l (48)

Lemma 2. For each gcbooln(R), there is a minimal Now, taking over (48), using the definition in (9),
classwise nonvacuous index set J9 c Q0

n such that the above remarks show for all (alb) c(RIR)n, all ci

9(alb) = v( -(w.(alb)); all (a!b)c(RIR)n c1, and all icQo :
" _CJg 1 - (7) =(l(k)(all))(i) i iff ci c Ch i(Alb) iff,by

Proof: Use normal disjunctive form for boolean (47), there is some (unique) jch-(i) such that
fuc .c -(wj(alb)) iff , using LGnmna l(ii),there ise4l

some (unique) j c~o so that h(j)=i , 0(a lk)(Cd) 4Theorem 5. Let 9,'(RAR)n_(RJR) be arbitrary in
Theorem 5.Letn(R~R) g(gl R2) be rbtrary ioer )n  (49) thus shows finally the desired result in (47).

-(boo' 7R) I boo' n(R))-fg:g=(g1 192) ext. bool over(RI R 3 I
Then. there is a unique function vP(g):Qon - Qo suci,38 ) Corollary 1. Referring to Theorems 5 and 6:
that for all (alb) c (RIR)", all cci, (i) :(booln(R)lbooln(R))-QOQon is a biJection

0(g(alh))(c) = (g)(4(alb)(c)}. (39) which makes any g c(booln(R)Ibooln(R)) commutative

Constructive Proof: Let g=(q1gg ) g bool 2 ,(R). with the three-valued indicator mapping 4:(RjR)- Qo
By Lemmiia 2, for each k, k=l,2, there ks J in the sense (50)
such that (37) holds with n-2n,9g. Thenk aplying =  (g

the definition of in (9), and using the partition- i.e., for all (atb)c(RIR)n, cr.1, eq.(39) holds.
ing properties of w~ak) from Le m I)M, for wc, 0(ii) In a sense equivalent to (i), 4:(RIR)+Q n is

he(g(aJb})() = i iff W C C, (alb) , i c Qo,(4o) an isomorphism jelative to (booln(R)Ibooln(R)) over
where d v (RIR) n and QQoO over Qon .

C, i(alk)) = v (-(wj(alb))) , i c o ,  (41)
g9,I lJg i _ Proof:Direct result of combining Theorems 5 and 6.

i d= i 2; , o -gl; " JQ, dnJq 2i (4Z) Remark. Corollary I shows that aZZ algebraic proper-t 0-T'i-e f (RJR) relative to (bool (R)Ibooln(R)) and
Note that, while wq(alJ is a partitioning of n, Qo relative to Qo 0 n must coincide ! This can be use-

ful in deyeloping properties for conditional event
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1

algebras via three-valued logics and vice ver. , The a'bc'd v a'bd' v a'bcd v b'c'd v abc'd

next sectionsshow how Corollary 1 (or Theorems r or a'b v c'd ,

6) can be used to compare and contrast properties Ch l(aJb)=wl(aJb)w,(cjo) v wl(aJb)w 1(cJd)v
for various candidate conditional event algdbras in -- wu(alb)wi(cld)
g.dditi.n to the three discussed earlier. abd v abcd v bcd

Further Results Using the Basic 1-omorphism (Ch,U(AIb)=wO(aJb)wU(cJd)=b'd' not needed

Example illustrating conditional event alge- Compute: ,O(alb) v Chl(alb) =

bra operatigns converted to 3-valued logic. a'b v a'bcd v c'd v abc'd-vabd'vabcdv b'cd

As an exalpe how the constructive proof in Theorem = a'b vab(c'd v d' v cd)v c'd v (abv abv b')cd

5 can be used, consider again the operator g K-_SAC = a'b v ab v c'd v cd
(RIR)2 (RIR) from eq.(28). Here, n=2, (ajb) = ab v cd
((aJb),(cJd)), g = (g11g?), where Hence
,. (a-b,b)=abd' v b'cd vabcd = w1 (alb)w. (cid) v-I (h)(ajb)=(Ch ,(alb)J~h ,1(al-) v Ch o(alk))

whence w,(alb)wl(cld) v w (a b)wl(cJd), ;(abd' v abcd v b'cd I bvd) .
((1 ,which of course checks with -SAC in eq.(28).

g(a'b,) = bvd = ab v a'b v cd v c'd
2- = w1(ajb) v w0(ajb) v wl(cld) v w0(cld) Applications to Comparing/Contrasting

v wl(alb)w i(cJd)vv vw 0 (ab)wi(cJd) Conditional Event Algebras
v _J~o icvo Using the procedure in .ie examples, one can verify
w vOwi(alb wl(cId)vivQowi(alb)wo(cfd), rigorously Dubois & Prade's conclusions in (31):

whence o
((l,O),(l,u),(l,l),(,O),(O,a),(O,1), ~ Corollary 2. ¢:(RIR)-Q o is an isomorphism relativeJ92 (Olull,)(,)(,)( 0} to:

(i) SAC-conditional event algebra over (RIR)n and

Sob 3 logic over Qo
n .

Then, from eq.(42), (ii) S-conditional event algebra over (RIR)n and
J9 1 =Jgl nJg2 ={(l,)u) ,)(ll)) , 83 logic over on

'J i (iii) GN-conditional event algebra over (RIRrand
,oJg2 1Jgl=(OO),(Ou),(O,1),( ,O),(1,)}, t3 logic over Q

n .

9,' - g 2  Next, consider a number of desirable properties that
Thus, for all j=(jlj 2)eQo ,1(-SAC)(j)=i,if jJ gi a conditional event algebra should possess. By use- - ,i of the transfer technique above, in general it will

be more convenient to analyze the candidate con-
ditional event algebras for these properties via the

_ I 0 1 L--value i=O, for jcJ three-valued logic form, rather than in the original0 0!-- , ' - form.However, these properties will be given in the0 _, -1 latter form initially with a circle about the cor-

1 'O;1 ,1 value i=l, for jcJg1 responding ordinary boolean operator to indicate the
1 _0_1.___ generic Iform:

Figure 1. Partitioning of values for the 3- Details are not required for the standard concepts
valued logic operator corresponding of associativity, conmutativity, and idempotence for
to *SAC via procedure of Theorem 5. ((i)i), involutiveness for 00, (W ,0 ) bEing

orthocomplemented (i.e., law of excluded middle
Example illustrating 3-valued logic opera- holds) or being a DeMorgan triple, or, finally, for
tors converted to conditional event algebra. (WJ) being mutually distributive. In addition,

define the following by the associated equations
As an example how the constructive proof in Theorem for all (alb),(cld) c (RIR):
6 can be used, consider the three-valed logical op- 0((a~b)®(c d)) s O4a b),44c d),
erator given in figure 1. We will show how the orig- mnotonicity fo((a b)@(cId)) a 0(a b),c(cId)
inal generating conditional event operator - in this
case -SAC - can be recovered, knowing only the en- zero-unity l@(a b) = 1l(alb) (aib)
tries in the table, I(aIb) = ,"0(aIb) (aIb)

First, obtain from the table, denoted as 3-valued common antecedent I(a b)O(clb) = (acib),
logical operator h (replacing '(-SAc), homomorphism I(aIb)@(cIb) = (avclb)

lo )(O)(), ) chaining 1: (aJb)b-ab;2: (albc)O(clb)=(aclb)

h- 1 (u)=((~u,)); - (1)=(,) ,(1,1),(u,l1 . full lattice:(alb)=(alb)®(cld)iff(cid)-(albG(cld)
Next, obtain for any (aJb)-((aJb),(cJd))(RR)2 ' full con- (aJb)s4(cld) iff p(aib)p(cd) iff

Ch,o(a )=wo(alb)wO(cld) v wO(aJb)w,(cld) v patibility ]for all p:R - prob., p(b),p(d)> ,

wO(alb)w 1(cld) v w=(alb) (cid) v wI(alb w0 (cd) I (lb) not zero-, (cjd) not unity-types
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(cId)Q)(aIb) is a unity-type Applying the transfer procedure of the second ex-
logical entailment event iff (cld) s (alb) ample, yields the following conditional event al-
tautologically where (9) is any extension gebra correspondences to the conjunction operators
preserved of -> over R2 to (RIR)2  in Table 2, for all (alb),(cld)c(RIR)( the dis-

lo-icl eauival- (cd)QD (alb) is a unity- junction being just the Deorgan dual):

ence tautologic- type event iff (cld)=(alb) (alb)-I(cld) =abcd , (53)
ally preserved where( extends 0-) over Ra

to (RIR)2  a scalar quantity! (54)
rlatively pseudocomplemented: see eq.(19) (alb)- 2 (cld) = (abcdla'bvc'd vabcd v b'd')

The candidate conditional algebras to be compared (alb).3(cld) 
= (abcdlbtvd). (55)

relative o the above properties will not only in- Finally, as a check with eq.(lO),
clude the three basic ones (SAC, S, GN) but will (alb).4(cid) = (abcdla'bv c'd v abcd).(56)
also include, for general interest, aZl possible 4comnfutative, irnotonic, De~rgan [cmD1 systems with Thus, in summary, the candidate conditional event

implication and logical equivalence being in the algebras considered are represented by their con-

same fomal relation as m, and 4 relative to R2. junction operators given in eqs.(28),(30),(lO),and
For the latter class, the transfer technique shows (53)-(55), while their corresponding 3-valued logi-

ir-mediately that the truth table for all such sys- cal conjunction operators are given in Tables 3 and

tems must have its conjunction operator as: 2. All of this leads to the next table providing a
comparisons and contrasts for the above 6 systems,

Table 1. 1ossible cS1Ds, again obtained via the transfer technique, based
tp((®) 0 a 1 upon Theorems 5 and 6:

0 0 0 0 Table 4. Comparisons of properties for 6

1 0 (0 or a) (0 or a) candidate conditional event algebras.

1 0 (0Ooru ) 1 ______
1Conditional 

Event

In turn, Table 1 allows only four possible candi- Al gebra SAC S GN cmD cmD2  cmD3

dates satisfying the required constraints. These Properties

are all presented in Table 2 below: (@associative YES YES YES YES YES YES

Table 2. The 4 possible cD conjunctions. (, commutative YES YES YES YES YES YES
-p- C,® idempotent YES YES YES NO NO YES

)r9 o 0 1 ,,. 1 ( involutive YES YES YES YES YES YES
00 G ,,()orthocoa NO NO 110 YES YES NO

00 0 0 00 0 0 0 00 P,( )0 0eMorgan YES YES YES YES vES YES
0 000 0 0a0 0 a 0uO a 0 a amut. distrib. 110 YES YES YES YES NO

monotonicity NO NO YES YES YES YES

1 0 0 1 1 1 0 1 0 zero-unity 110NO NYES NO YES NO
- 0 - - com. ante. homomor YES YES YES NO NO YES

Clearly, the fourth subtable above is the same as chaining prop. 1 YES YES YES YES YES YES

k3 corunction, i.e., min, which already has been full rop.lattice YO NO YES NO YES YE0

introduced as corresponding to GN. It should be full compatibil, 10 NO0 YES NO N1O NO
also noted that the second subtable above corres- logical ent.pres. YES 110 10 NO
ponds to the important connector cop 0 , the smallest logical equ.pres. YES f NO t O0 NO NO
possible copua , where, for all s,t a , rel. pseudocompl. 10 - NO YE NO YES NO0

cop0(st) ! rax(s+t-, 0) Ca --- 1). (0) tYES, only if the consequent of material impli-

(See [21] for background.) cop also plays a key cation ((cld)' v (alb)), i.e., c'd v ab (using

rele, where (copococopomin,m(x) forms the foun- eq.(lO)), is used in place of the usual t impli-
cation, which by applying Theorem 6 to (10],p.23

dation for a Chang or MV algebra, where cocop is s nacn the form bid' v ((cid)' v (aib)).
the Delorgan dual of COP0  (ard hence the maxitl t2 YES, only if the consequent of material (logical)
such one) d equivalence (((cid)' v (alb))-((alb)' v (cld)) =

cocop0(s,t) min(s+t,1) ( ' )1). (52) (ab,-cd I bd)), i.e., ab <-cd,is used In place

(See [22], p. 473 et passim for further details.) of the usual t equivalence, which by applying
Theorem 6 to (j0],p.23 is in the form b'd' v

Also, for completeness, the 3-valued logical tables (ab cd Ibd)-
corresponding to the three leading candidates will1~3 The YES response of SAC and the partial YES of
now be displayed for the conjunction operators: GN (see tt above) are due to a characteri-

zation thal these are the only possible systeas
Table 3. Conjunctions for Sob ,8 tpreserv~nlogical entailment and logical equi-

39 39 1 valence tautologically. (See [3].)

0 10-Table 4 can be used imr.ediately, e.g., to char-
O 's 0 a -acterize GiN as that unique conditional event alge-

0bra which is an idempotent,mutually distributive
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